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E-mail address: tsouv@mail.ntua.gr (N.G. TsouvaliA new traction–separation law that represents the constitutive relation of a ductile adhesive material in
Mode I and Mode II is developed and introduced in interface elements for the ﬁnite element analysis of
adhesive joints, within the framework of Cohesive Zone Modeling (CZM) techniques. The proposed law is
based on the embedded process zone approach and is formulated to address the mixed-mode loading and
fracture of adhesively bonded joints. This law is ﬁrst used for the description of the pure Mode I (opening)
and pure Mode II (sliding) loading and fracture and then it is integrated into a developed mixed-mode
model in order to account for the dependence of the separate pure mode laws. The traction increasing
part of the law is described by an exponential function, whereas the softening part is described by a linear
decrease. Prediction of damage initiation is established through the nominal quadratic stress criterion,
whereas the damage propagation is established through the linear energetic criterion. Experimental
results from steel-to-steel single lap and Double Strap Joint conﬁgurations have been utilized for the val-
idation of the proposed law and mixed-mode model. Comparisons are also provided from ﬁnite element
analyses with the already known trapezoidal law and with the PRP (Park–Paulino–Roesler) model. The
proposed law adequately captures the elastoplastic behaviour of the tested adhesive joints, in terms of
their global response. Additionally, the strength of the tested joints is predicted with great accuracy.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Modern technology offers many techniques for repairing de-
fected structural elements that have a discontinuity or have lost
part of their stiffness or strength. In most cases, repairing is
achieved with the application of supplemental structural materials
on and in the vicinity of the defect. The design of each repair, aims
at compensating the loss of strength or stiffness owed to the corre-
sponding defect. A problem under examination is the reliable
cooperation of the materials involved, i.e. the repairing and the
parent structural elements.
Among the methods that are widely used for bringing together
two similar or dissimilar structural materials, adhesive bonding
has attracted the interest of many researchers and design engi-
neers because of the distinct properties it offers. Structural analysis
of single and double lap/strap adhesive joints has been well ad-
dressed from an analytical point of view by providing to the liter-
ature closed-form solutions for the displacement and stress ﬁeld of
both the adherents and the adhesive (da Silva et al., 2009a,b).
However, analytical solutions are not provided in cases that in-
volve complex geometrical conﬁgurations with material or/and
geometrical non-linearities. Thus, numerical solutions derivedll rights reserved.
: +30 21 07721412.
s).from ﬁnite element methods are at most preferable. Several meth-
odologies can be found in the literature for the ﬁnite element anal-
ysis (FEA) of adhesive joints based on the technique followed for
modeling the adhesive layer, its interaction with the adjacent sub-
strates and its failure behaviour. When an adhesive joint is loaded,
the developed stresses are being transferred from one substrate to
the other through the adhesive and via the adhesive/adherent
interface. Thus, two are the main macro-mechanical failure types
involved in the adhesive bonded region i.e. adhesive and cohesive
failure.
A conventional methodology involves traditional 2D or 3D con-
tinuum elements used for the adhesive and the adherents (Dvorak
et al., 2001; Yan et al., 2007; Pires et al., 2003; Vallée et al., 2010).
The adjacent elements to the adhesive/adherent interface share
common nodes (assuming perfect bonding conditions) in a way
that shear and normal stresses are being transferred through the
bi-material interface invariantly. This procedure allows for an ade-
quate modeling of the elastic and plastic response of the adhesive
material, but neglects the effect of the bi-material interface in
terms of its stiffness and strength. Moreover, in the framework of
the aforementioned methodology, a step forward has been made
by enhancing the FEA of adhesively bonded repairs with stress or
strain failure criteria for the prediction of failure initiation and
progression in the adhesive layer (Papanikos et al., 2005; Odi and
Friend, 2004). The major disadvantage of these kind of techniques
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concentrations usually develop at the edges of the adhesive region.
On the other hand, cracks are more prone to develop at the bi-
material interface because of the existence of stress concentrations
at that area (Goyal et al., 2008) and thus be responsible for the total
failure of the adhesive joint. The Virtual Crack Closure Technique
(VCCT) has been utilized for the numerical simulation of the failure
behaviour of adhesive joints (Panigrahi and Pradhan, 2007; Zhang
et al., 2010; Sun and Yang, 2004). According to this method, the
internal nodal forces are calculated at the crack tip together with
the relative displacements of the adjacent nodes. These magni-
tudes are used for the calculation of the energy release rate
(Gi, i = I, II or III), which is further compared with the experimen-
tally measured fracture toughness (Gic, i = I, II or III) of the material
system. Crack propagation then occurs if the energy release rate
magnitude is greater than the Gic magnitude. This method is valid
within the framework of Linear Elastic Fracture Mechanics (LEFM)
and thus it is not appropriate in numerical predictions of adhesive
joints with ductile adhesives.
An alternative methodology relies on modeling the adhesive/
adherent interface with the use of line or planar interface ele-
ments, while the adhesive layer is still represented by continuum
elements (Goyal et al., 2008; Campilho et al., 2005; Gonçalves
et al., 2003; Tvergaard and Hutchinson, 1993; Tvergaard and
Hutchinson, 1996). The energy release rate magnitudes are also
the key parameters for this methodology. In fact, this procedure al-
lows the study of the debonding initiation and propagation pro-
cess, without considering the presence of initial ﬂaws and leads
to the calculation of the load carrying capacity of the consideredFig. 1. Trapezoidal laws (from Campilho et al. (2008)) (a) andadhesive joint. The signiﬁcant drawback of this methodology is
that the crack trajectory is predeﬁned by the plane where the
interface elements have been placed. Goyal et al. (2008) numeri-
cally modeled the failure behaviour of an adhesively bonded Dou-
ble Cantilever Beam (DCB) coupon. The authors used continuum
elements for the aluminum adherents and introduced interface
elements not only at the adhesive/adherent interface, but also be-
tween adjacent adhesive elements, thus allowing the prediction of
both cohesive and adhesive cracking. Campilho et al. (2005) placed
interface elements at the bimaterial interface and in the composite
adherents (between plies) of single and double lap repairs. By this
way, the authors achieved to predict adhesive, cohesive, matrix
cracking and delamination failure of the composite joint.
Another methodology for the numerical prediction of the load-
ing and fracture behaviour of adhesive joints is based on the
embedded process zone (EPZ) approach, introduced by Yang et
al. (1999, 2001), Li et al. (2005) and Yang and Thouless (2001).
According to the EPZ, the adhesive layer works as the continuum
which provides and transfers tractions between the adherents. This
approach is based on Cohesive Zone Modeling (CZM) techniques.
From the numerical point of view, the adhesive material is totally
represented by interface or cohesive elements that can model the
kinematics incorporated in the EPZ. The constitutive relations are
given in terms of opening and shear Traction–Separation (T–S)
laws under pure Mode I (Yang et al., 1999; Li et al., 2005) and pure
Mode II (Yang et al., 2001; de Moura et al., 2009) loading and frac-
ture, respectively.
The EPZ approach has been also applied in ﬁnite element
models to simulate mixed-mode loading and fracture (Yang andPark–Paulino–Roesler laws (from Park et al. (2009)) (b).
K.N. Anyfantis, N.G. Tsouvalis / International Journal of Solids and Structures 49 (2012) 213–226 215Thouless, 2001; de Moura et al., 2009; Campilho et al., 2009a,b;
Campilho et al., 2008; Li et al., 2006). Yang and Thouless (2001)
used the EPZ approach for the numerical prediction of geometries
that undergo extensive plastic deformation under mixed-mode
loading e.g. T-peel and single-lap specimens. The authors utilized
a failure criterion together with the introduction of a phase angle
to relate the pure Mode I and Mode II trapezoidal T–S laws and
thus develop a mixed-mode EPZ model. On the other hand, de
Moura et al. (2009), Campilho et al. (2009a,b) and Campilho et al.
(2008) developed a cohesive mixed-mode damage model to pre-
dict the behaviour of ductile adhesives with a trapezoidal shape
T–S law representing loading and fracture of each fracture mode,
under the framework of Elastic Plastic Fracture Mechanics (EPFM),
as presented in Fig. 1a. The trapezoidal model has been proven to
be an effective T–S law that can adequately model the coupling be-
tween the behaviour of the adhesive/adherent interface and the
behaviour of the adhesive itself, that is adhesive failure and plastic-
ity, respectively.
In the framework of CZM techniques, Paulino and his co-workers
have made signiﬁcant contributions by developing new traction–
separation laws and by evaluating the effectiveness of the already
existing ones in various types of loading and fracture conditions
(Alfano et al., 2007, 2009; Park et al., 2009; Zhang and Paulino,
2005). particular, Alfano et al. (2007, 2009) have conducted a
comparative numerical-experimental study, in order to show the
inﬂuence of the shape of three intrinsic cohesive laws (triangular,
trapezoidal and exponential) to the Mode I fracture of pre-cracked
adhesively bonded Double Cantilever Beam specimens. One of the
authors’ major conclusion is that the triangular and trapezoidal
laws yield promising results in the undamaged region of cracked
adhesive joints since the pre-peak slope of the corresponding
traction–separation laws can be controlled (intrinsic type).
Park et al. (2009) developed a potential-based constitutive
model, shown in Fig. 1b for the prediction of mixed-mode cohesive
fracture. The derivation of the cohesive laws and the mixed-mode
model is based on the PRP potential (Park–Paulino–Roesler) also
developed by the authors. In the PRP model, both normal and tan-
gential interactions are described by polynomial potentials. The
authors have introduced two parameters, one for each separate
Mode (I or II), which control the softening behaviour of the corre-
sponding cohesive law. In this way the PRP model is applicable to
various material softening responses (brittle, quasi-brittle and
ductile).
In this paper, a new model has been developed that considers
the elastic, plastic and fracture behaviour of ductile adhesive mate-
rials. The model has been validated through comparisons between
ﬁnite element and experimental results from two commonly used
adhesive joint conﬁgurations. The proposed model is based on the
EPZ which is formed in the bondline during loading of an adhesive
joint and consists of two coupled T–S laws, one in Mode I and one
in Mode II. In this manuscript the proposed T–S law is referred as
proposed EPZ law. Initially, the mathematical description of the
pure mode EPZ laws is provided for both Mode I and Mode II load-
ing and fracture. Next, the pure mode EPZ laws are coupled into a
developed mixed-mode EPZ model that accounts for their depen-
dency under mixed-mode loading and fracture conditions. The pro-
posed model has been used as the constitutive relation of interface
elements.
For the numerical validation of the proposed EPZ laws and the
mixed-mode model, two simple yet common joint conﬁgurations
have been adopted, that is, a Single Lap Joint (SLJ) and a Double
Strap Joint (DSJ). Thus, relatively thick metal substrates have been
bonded together with the use of a structural ductile adhesive
material in order to fabricate SLJ and DSJ coupons. The response
of the coupons was experimentally measured and numerically
evaluated. Additionally, the numerical results obtained from theutilization of the proposed EPZ laws are compared with the corre-
sponding results obtained from the trapezoidal T–S laws and the
PRP cohesive model. Comparisons are also given from the FEA re-
sults of both joint conﬁgurations with the use of continuum ele-
ments and with the use of the proposed EPZ laws in interface
elements, within the linear elastic region of the adhesive material
utilized.
2. Proposed numerical EPZ description
The general concept that lays behind the term embedded pro-
cess zone approach is that the adhesive layer is responsible for pro-
viding tractions r between the involved substrates (Yang and
Thouless, 2001). The development of a mixed-mode EPZ model is
divided into two main phases. The ﬁrst phase involves the develop-
ment of a model in pure Mode I and pure Mode II loading and frac-
ture, in terms of a T–S law, r(d). Magnitude d is the local separation
(opening in Mode I or sliding in Mode II) of the adjacent substrates,
calculated at their interface.
Such a law consists ﬁrst of an increasing behaviour of the trac-
tions developed in the EPZ up to a peak value, followed by a trac-
tion softening function to zero level. The second phase involves the
incorporation of damage and fracture criteria in order to couple the
pure mode laws under the framework of a mixed-mode model.
2.1. Independent fracture modes
The following proposed description of the EPZ accounts for
modeling adhesive joints in a 2-dimensional space and thus only
Mode I and II fracture modes have been considered. A graphical
representation of the proposed EPZ law for Mode I and Mode II
loading and fracture is presented in Fig. 2. The tractions r involved
in the Mode I law refer to stresses that are normal to the adhesive
bondline (peel stresses), whereas the corresponding tractions in-
volved in the Mode II law refer to stresses that are tangential to
the adhesive bondline (shear stresses).
The increasing traction part (behaviour until damage initiation)
of either pure mode EPZ law is given by an exponential function in
order to describe the plastic behaviour of a ductile adhesive, in
contrast with the trapezoidal law where after an initial linear elas-
tic behaviour, the tractions are maintained at a speciﬁc threshold
until damage initiation (second inﬂection point). In the softening
part (damage propagation), tractions are described by a linear
function. The selection of the proposed particular shape of the
EPZ law has been made on the basis of the fact that this shape is
a very good analytic ﬁt of experimental T–S laws measured from
steel-to-steel adhesive joints, as found in the literature for pure
Mode I (Ji et al., 2010) and pure Mode II (Lefﬂer et al., 2007),
respectively. To the authors’ knowledge, measurements of experi-
mental T–S laws are rare in the literature.
The following numerical formulation of the proposed EPZ laws
describes the constitutive relationship of interface elements
(programmed in a UEL subroutine in the framework of ABAQUS
6.8 ﬁnite element commercial code). Reversibility of the laws
(unloading behaviour) has been included into these constitutive
relations, as depicted in Fig. 2 by the linear unloading paths (black
lines). For reasons of completeness, reversibility has been taken
into account in both parts of the laws, e.g. the increasing traction
and the softening part. The notation followed in this paper is the
same one used by Campilho et al. (2008). The subscript i equals
to I and II for Mode I and Mode II, respectively. The ﬁrst part is de-
scribed by the exponential function given by Eq. (1). The following
form considers both loading and unloading.
riðdiÞ ¼ rc;idi;max 1 exp 
di;maxki
rc;i
  
di for 0 6 di < d0;i: ð1Þ
ik
, ,
,
exp i ii c i c i
c i
kδ
σ σ σ
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Fig. 3. Graphical representation of the error parameter e.
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Fig. 2. Proposed pure mode EPZ law in (a) Mode I and (b) Mode II loading and
fracture.
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ing separation at damage initiation under pure mode loading. The
di,max magnitude equals to the maximum separation calculated up
to a certain time step of the non-linear analysis solution. During
loading, di is continuously increasing and thus, di,max is also contin-
uously increasing, being di = di,max and the tractions follow the
exponential increase function. However, if at a certain time step
di is calculated less than di,max, unloading has started and di,max re-
mains constant, equal to the last value of the continuously increas-
ing di. During unloading, tractions follow the linear unloading path
as shown in Fig. 2.
Negative normal tractions (rI < 0) denote contact conditions be-
tween the adjacent element surfaces of the continuum substrates
and thus a penalty contact algorithm has been utilized to describe
the T–S relationship as shown in Fig. 2a, which is given by the fol-
lowing equation:
rIðdIÞ ¼ kpdI for dI < 0; ð2Þ
where kp is the penalty stiffness (105–106 MPa/mm). It is assumed
that negative normal tractions do not induce damage and act only
as contact stresses. The initial slope of Eq. (1) is independent of
the critical stress rc,i and equals only to the stiffness ki as shown
below:
@ri
@di

di¼0
¼ ki: ð3Þ
This characteristic of the speciﬁc form of the exponential func-
tion is advantageous for the formulation of the mixed mode EPZ
law, which will be discussed later in this section. The initial stiff-ness ki is explicitly deﬁned for each mode by dividing the corre-
sponding linear elastic property of the bulk adhesive material
with the thickness of the adhesive layer ta (de Moura et al., 2009;
Campilho et al., 2009a,b; Campilho et al., 2008), kI = Ea/ta and kII =
Ga/ta, where Ea and Ga are the Young and shear modulus of the bulk
adhesive material, respectively.
Magnitude d0,i can be directly deﬁned or implicitly calculated by
considering the fact that the exponential increase function Eq. (1),
on a theoretical basis, asymptotically ascends to the horizontal
asymptote rc,i. Thus, the corresponding ordinate of d0,i is chosen
to be equal to (1  e)rc,i, where (1  e) is a tolerance (and e is
the error) between the theoretical asymptote rc,i and the corre-
sponding value utilized in the numerical analyses, as demonstrated
in Fig. 3. By substituting the left hand side of Eq. (1) with (1  e)rc,i
and solving with respect to d0,i the following relation is derived:
d0;i ¼  lnðeÞrc;iki : ð4Þ
Damage initiation and further damage propagation is numeri-
cally described in the EPZ law by a softening function of the trac-
tions to zero. With the term damage, any type of physical
cracking or extensive porosity within the adhesive material or/
and at the adhesive/adherent interface is considered. A linear soft-
ening function has been selected to represent the traction decrease
behaviour described by the following equation:
riðdiÞ ¼  ð1 eÞrc;idc;i  d0;i di þ
ð1 eÞrc;idc;i
dc;i  d0;i for d0;i 6 di < dc;i; ð5Þ
where dc,i is the critical separation. In order to account for the
reversibility (unloading) of the linear softening part, a damage
parameter D has been utilized which evolves from 0 to 1
D ¼ 1 d0;iðdc;i  di;maxÞ
di;maxðdc;i  d0;iÞ : ð6Þ
Thus, the description of tractions can be rewritten in the following
form, which describes loading and unloading in the linear softening
part:
riðdiÞ ¼ ð1 DÞð1 eÞrc;i did0;i for d0;i 6 di < dc;i: ð7Þ
Beyond the critical separation, the corresponding tractions are to-
tally released by leaving behind stress free crack faces
riðdiÞ ¼ 0 for di P dc;i: ð8Þ
The total energy uptake at the completion of the EPZ is calculated
by the deﬁnite integral of the curve that represents the pure mode
EPZ laws (Fig. 2) and is given by:
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Z dc;i
0
riddi ¼ rc;iki kid0;i  rc;i þ rc;i exp 
d0;iki
rc;i
  
þ 1
2
rc;iðdc;i  d0;iÞ: ð9Þ2.2. Coupled fracture modes
Having deﬁned the pure mode EPZ laws in Mode I and Mode II,
the next phase is focused on the formulation of the mixed-mode
EPZ model (see Fig. 4). The present model accounts for the depen-
dency between Mode I and Mode II loading and fracture.
Two are the guiding magnitudes through this formulation; the
mode mixity ratio b, which is given by:
b ¼ dII
dI
ð10Þ
and the coupling of deformations, that is the equivalent deforma-
tion dm
dm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2I þ d2II
q
: ð11Þ
The mixed-mode formulation utilizes Eqs. (10) and (11) for the
composition of the mixed-mode EPZ law from the two pure mode
EPZ laws and under a certain mode mixity ratio. The same funda-
mental equations combined with damage and fracture criteria will
be used for the determination of the parameters characterizing the
decomposed laws from the calculated mixed-mode EPZ law, under
a particular mode mixity ratio. For the prediction of damage initi-
ation under mixed mode loading, the quadratic stress criterion is
utilized, (Campilho et al., 2008):
hrcm;Ii
rc;I
 2
þ rcm;II
rc;II
 2
¼ 1; ð12Þ
where rcm,I and rcm,II are the decomposed critical tractions in Mode
I and Mode II mixed-mode law (see Fig. 4). The Macaulay brackets
h i are used to show that negative normal tractions do not induce
damage and in that case rcm,I equals to zero and thus only tangen-
tial tractions (shear stresses) are involved within the EPZ. By solving
Eq. (4) with respect to rc,i and rcm,i (for i = I, II) separately and
substituting into Eq. (12), the quadratic stress criterion can be
rewritten in terms of the deformation ﬁeld as:
hd0m;Ii
d0;I
 2
þ d0m;II
d0;II
 2
¼ 1; ð13Þ
where d0m,I and d0m,II are the mixed mode decomposed relative dis-
placements where damage initiates. By substituting Eqs. (10) andi
J
ci
J
i
k
c,i
δ
cm,i
δ
0m,i
δ
0, i
δ iδ
c, i
σ
cm,i
σ
iσ
 Pure mode law
 Decomposed mixed mode law
Fig. 4. Proposed mixed-mode EPZ model.(11) into Eq. (13), the mixed mode total relative displacement d0m
can be obtained as follows:
d0m ¼ d0;Id0;II
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ b2
d20;II þ b2d20;I
vuut : ð14Þ
Again, by substituting Eqs. (10) and (11) into Eq. (14), the decom-
posed relative displacement in Mode I is obtained by
d0m;I ¼ d0;Id0;IIﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d20;II þ b2d20;I
q ð15Þ
and in Mode II by
d0m;II ¼ b d0;Id0;IIﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d20;II þ b2d20;I
q : ð16Þ
Having calculated d0m,I and d0m,II, the mixed-mode decomposed
critical stress at each Mode i, rcm,i can be calculated by utilizing Eq.
(4)
rcm;i ¼  kid0m;ilnðeÞ : ð17Þ
The decomposed mixed-mode EPZ laws in Mode I and Mode II
retain the initial slope ki (and thus the initial linear elastic re-
sponse) of their respective pure mode EPZ law, as shown in
Fig. 4. This proofs the advantageous characteristic of Eq. (1),
according to which the linear elastic properties of the adhesive
material are maintained under any mode mixity conditions.
For the prediction of damage propagation in the adhesive layer,
the linear energetic fracture criterion Eq. (18), that couples the
fracture energies in Mode I (JI) and Mode II (JII), has been consid-
ered, (Campilho et al., 2008).
JI
JIc
þ JII
JIIc
¼ 1: ð18Þ
From a physical point of view, the satisfaction of the preceding
criterion implies that the tractions in the EPZ are eliminated Eq. (9)
and thus new traction free crack faces are generated. The fracture
energies Ji are given in the same way as in Eq. (10), by calculating
the deﬁnite integral of the decomposed mixed mode EPZ laws:
Ji ¼
Z dcm;i
0
riddi ¼ rcm;iki kid0m;i  rcm;i þ rcm;i exp 
d0m;iki
rcm;i
  
þ 1
2
rcm;iðdcm;i  d0m;iÞ: ð19Þ
The substitution of Eq. (15) to Eq. (17) into Eq. (19) yields a di-
rect calculation of the decomposed relative displacements dcm,I and
dcm,II in mode I and mode II, respectively
dcm;I ¼ 2JIcJIIc  2CIJIIc  2CIIJIc þ d0m;IJIIcrcm;I þ d0m;IIJIcrcm;IIJIIcrcm;I þ bJIcrcm;II
; ð20Þ
dcm;II ¼ b2JIcJIIc  2CIJIIc  2CIIJIc þ d0m;IJIIcrcm;I þ d0m;IIJIcrcm;IIJIIcrcm;I þ bJIcrcm;II
; ð21Þ
where Ci (i = I, II) is the deﬁnite integral of the decomposed expo-
nential part of each mixed-mode traction–separation law.
Ci ¼ rcm;iki
 
ðd0m;ikiÞ þ rcm;i exp  d0m;ikircm;i
 
 rcm;i
 
: ð22Þ
Magnitude dcm can thus be obtained from Eq. (11). The geometric
representation of the deformation parameters involved in the pre-
ceding formulation is shown in Fig. 5.
Having calculated all necessary parameters involved in the
mixed-mode EPZ laws, their computational implementation is
2 2
mδ δ δΙ ΙΙ= +
β
cmδ
0mδ
cm,IIδ
cm,Iδ
0m,IIδ
0m,Iδ c,Iδ
c,IIδ
0,IIδ
0,Iδ
IIδ
Iδ
Loading direction
Fig. 5. Geometric representation of the deformation parameters under constant
mode mixity b.
(a)
(b)
Fig. 6. Dimensions (in mm) and geometrical conﬁguration of (a) the SLJ and (b) the
DSJ specimens.
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mode laws. The traction increasing part is given from the following
equation, which is similar to Eq. (1):
rm;iðdiÞ ¼ rcm;idi;max 1 exp 
di;maxki
r cm;i
  
di for 0 6 di < d0m;i: ð23Þ
The damage parameter at this point is formulated according to the
mixed-mode separation dm as follows:
D ¼ 1 d0mðdcm  dmÞ
dmðdcm  d0mÞ : ð24Þ
The linear softening part for both loading and unloading is de-
scribed from the following equation which takes under consider-
ation the preceding damage parameter D:
rm;iðdiÞ ¼ ð1 DÞð1 eÞrcm;i did0m;i for d0m 6 dm < dcm: ð25Þ
Finally, the traction free region beyond the critical separation is gi-
ven by the following equation:
rm;iðdiÞ ¼ 0 for dm P dcm: ð26Þ(b)(a)
Fig. 7. Experimental test of (a) a SLJ and (b) a DSJ specimen.3. Experimental program
For the validation of the mixed-mode EPZ model, experimental
tests of a set of Single Lap Joint (SLJ) and Double Strap Joint (DSJ)
specimens have been conducted. These types of joints are good
candidates for validating numerical models, since the involved
adhesive material in both cases is loaded under mixed-mode con-
ditions (Tsouvalis and Anyfantis, 2010).
The geometry and dimensions of the SLJ and DSJ are presented
in Fig. 6. Normal marine grade steel has been used for the manufac-
turing of both inner and strap adherents. Araldite 2015 has been
utilized for the fabrication of the adhesive joints, which is a rela-
tively stiff two-component epoxy adhesive manufactured by
Huntsman Container Corporation Ltd. The width of all specimens
was equal to 25 mm. The nominal thickness of the adhesive layer
was 0.5 mm and spacers had been placed in-between the sub-
strates during manufacturing to keep this value constant for all
specimens. Before bonding the straps of the DSJs, the two inner
10 mm adherents were placed in contact, without any adhesive
in-between them. More details regarding the joints’ fabrication
can be found in (Anyfantis and Tsouvalis, 2009).The specimens were loaded by a uniaxial static tensile displace-
ment, applied with a speed of 0.1 mm/min by an MTS hydraulic
testing machine. Two strain gage sensors (SG-1 and SG-2) were
placed on each DSJ specimen, the ﬁrst on the free surface of one
of the straps and the second on the free surface of the inner adher-
ent, at the positions shown in Fig. 6b. They both had a gage length
of 10 mm. Their aim was to monitor strains at these two parts for
reasons of comparison with the respective numerical results. Dur-
ing the tests the applied displacement together with the reaction
forces were monitored. Six in total specimens were tested, three
from each joint conﬁguration (SLJ and DSJ). Fig. 7 shows one spec-
imen of each case under experimental conditions.
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4.1. Numerical modeling
Two modeling procedures have been adopted for the numerical
simulation of the SLJ and DSJ conﬁgurations. Both procedures share
common boundary/loading conditions and the element type used
for all substrates, but differentiate on the ﬁnite element approach
followed for modeling the adhesive layer, as presented in Figs. 8
and 9. Only one quarter of the DSJ has been modelled (Fig. 9),
due to the symmetry it presents and the corresponding bound-
ary/symmetry conditions that have been applied.
The ﬁrst procedure is based on modeling the adhesive layer
with continuum elements, whereas the second is based on embed-
ding the interface elements at the adhesive bondline (see Figs. 8
and 9). The ﬁrst modeling procedure aims at providing only the
deformation and stress ﬁeld of the adhesive joint within the linear
elastic region of the adhesive material, for reasons of comparison
and validation with the respective results given by the second
modeling procedure. The latter modeling approach utilizes the
proposed mixed-mode EPZ model to predict the linear elastic,
non-linear elastic and plastic behaviour as well as damage initia-
tion and propagation, all developing in the EPZ of the adhesive
bondline.
The continuum 2D elements CPS8 available in the element li-
brary of ABAQUS 6.8 have been used to model the substrates of
the joints in both modelling procedures and the adhesive layer in
the ﬁrst modelling procedure. A comparative study between the
FE results obtained with plane stress elements (CPS8) and plane
strain elements (CPE8) has shown very small differences. Plane
strain elements yield slightly increased force values (1.8%) forI.E.
C.E.
u, P
(a)
(b)
Fig. 8. Finite element model of the adhesive layer of SLJ specimens: (a) w
u, P 
u, P 
C.E. 
I.E. 
(a) 
(b) 
Fig. 9. Finite element model of the adhesive layer of DSJ specimens: (a) wgiven applied displacements compared to the corresponding
results from the plane stress elements. On the other hand, plane
stress element results show better agreement with the respective
experimental results for both cases considered (SLJ and DSJ), which
is in agreement with Yang et al. (2001) for similar geometry tests.
Since plane strain elements overestimate the stiffness of the
models, plane stress elements have been utilized.
Four layers of elements have been placed through the adhesive
thickness in the ﬁrst modelling procedure, whereas the element
length in the overlap area was 0.25 mm in all ﬁnite element
models.
In order to account for geometrical and material nonlinearities,
the Newton–Raphson method has been utilized together with a
line search algorithm. A displacement controlled approach is uti-
lized for aiding the convergence of the non-linear solution and
for avoiding numerical instability issues involved in crack growth
analyses, where softening behaviour is apparent.
4.2. Validation of the mixed-mode EPZ model
The implementation of the proposed mixed-mode EPZ model,
within the framework of the interface ﬁnite element formulation,
requires the deﬁnition of the pure Mode I and pure Mode II EPZ
law parameters that describe the structural ductile adhesive
adopted herein (HUNTSMAN Araldite 2015). In order to provide
accurate measures of the required parameters of the Mode I and
Mode II loading and fracture, DCB and ENF specimens should be
fabricated and tested, respectively, by utilizing the same materials
and fabrication procedure as involved in the fabrication of the SLJ
and DSJ specimens. Since, within the framework of the current
paper such experiments are not available, the correspondingI.E.
C.E.
ith continuum elements – C.E. and (b) with interface elements – I.E.
ith continuum elements – C.E. and (b) with interface elements – I.E.
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for the proposed pure EPZ laws in Mode I and Mode II are listed
at Table 1. The critical tractions rc,I and rc,II and the fracture energy
JIc were taken from the manufacturers’ data sheet, which were
measured from steel-to-steel adhesive joints. Parameters rc,I and
rc,II have been taken equal to the strength of the adhesive material
and the lap shear strength (measured from steel-to-steel lap shear0.0 0.1 0.2 0.3 0.4
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Fig. 10. Global response of (a) SLJ and (b) DSJ, in terms of the applied displacement
– u and reaction force – P, as experimentally registered and numerically calculated
with the proposed and trapezoidal EPZ mixed-mode model.
Table 1
Physical parameters used in the proposed and trapezoidal pure mode laws.
Mode i ki (N/mm3) rc,i (MPa) Jic (N/mm)
I 3700 30.0 4.0
II 1423 18.5 4.7specimens), respectively. The fracture toughness JIIc was taken
from de Moura et al. (2009). Additionally, parameters d0,I and d0,II
are needed to fully deﬁne the pure EPZ laws. As described in
Section 2.1, these parameters can be deﬁned through the error e
(Eq. (4)). In fact, the error e is a numerical utilized parameter
without a physical interpretation, thus its selection is described
in the following.
The FEA results based on the mixed-mode model of the pro-
posed EPZ laws and on the parameters of Table 1 are compared
in Figs. 10 and 11 with the corresponding experimentally mea-
sured data for the SLJ and DSJ conﬁgurations. The experimental
measurements from all three tested specimens from each case
respectively are plotted in these ﬁgures. It is noteworthy that the
pure mode parameters given in Table 1 have been utilized for
the FEA of both joint conﬁgurations but with different error param-
eter e in each case. More speciﬁcally, for the derivation of the FEA
results shown in Figs. 10 and 11 the value of error e has been de-
ﬁned based on a best ﬁt analysis between the experimental and
numerical results. This analysis resulted in a common value of
the error e equal to 0.1% for both SLJ and DSJ models. Although,
the Mode I and II experimental cohesive laws obtained from DCB
(Ji et al., 2010) and ENF (Lefﬂer et al., 2007) specimens are fabri-
cated with different adhesive materials yet ductile, an error e equal0 200 400 600 800 1000 1200
0
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Fig. 11. Reaction force vs. strains of the DSJ as experimentally registered and
numerically calculated (a) on the strap-SG1 and (b) on the inner adherent-SG2.
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analysis. These values are close and equal to the obtained one from
the best ﬁt analysis of the SLJ and DSJ models, which proves the
effectiveness of the utilized value. For reasons of completeness, a
sensitivity analysis of the effect of error e on the FEA results of both
joint conﬁgurations is given in Section 4.3.
Fig. 10 also compares the FEA results obtained by utilizing the
trapezoidal EPZ laws within the framework of the mixed-mode
model described in Campilho et al. (2008) and presented in
Fig. 1a. The corresponding parameters utilized are the same as
those for the proposed EPZ laws (see Table 1). Parameters d2,I
and d2,II corresponding to the second inﬂexion point of the trape-
zoidal EPZ laws have been taken equal to the respective d0,I and
d0,II parameters calculated from the best ﬁt analysis (through the
error e). Thus, d2,I and d2,II have been taken equal to 0.0691 mm
and 0.898 mm, respectively for both joint models.
Additionally, for reasons of completeness, the results obtained
from the PRP (Park–Paulino–Roesler) cohesive model (see Fig. 1b,
Park et al. (2009)) have been also compared with the aforemen-
tioned numerical and experimental results in Fig. 10. The PRP
intrinsic cohesive model consists of potential-based polynomial
laws that are formulated for predicting mixed-mode cohesive
loading and fracture. The comparison of the PRP model with the
proposed EPZ mixed-mode model aims at validating the effective-
ness of the proposed formulation, since in the PRP model the sep-
arate fracture modes are coupled directly within the PRP potential
without the use of damage or fracture criteria, as utilized in the
proposed formulation (Eqs. (12) and (18)). The physical parameters
of the PRP cohesive model that must be deﬁned are the normal and
tangential cohesive strengths (rc,I and rc,II or rmax and smax in
Fig. 1b, respectively) and the Mode I and II fracture energies (JIc
and JIIc), taken equal to those for the proposed EPZ laws (see Table
1). The initial elastic slope of the intrinsic PRP normal (Mode I) and
tangential (Mode II) laws is calculated implicitly through the initial
slope indicators kn = dnc/dn and kt = dtc/dt, deﬁned as the ratio of the
critical crack opening to the ﬁnal crack opening, as depicted in
Fig. 1b. In order to include the physical initial slopes kI and kII
(see Table 1) in the PRP laws, the respective values of the kn and
kt have been calculated, given the rc,i and Jic parameters. The corre-
sponding values, utilized in the numerical analyses, are listed in
Table 2. Moreover, two shape parameters (a and b) that control
the material softening responses (brittle, quasi-brittle and ductile)
must be deﬁned, according to the PRP model. In the current work,
two cases have been taken into account regarding the behaviour of
the EPZ. The ﬁrst case considers a brittle behaviour (a = b = 2) and
the remaining one considers a ductile behaviour (a = b = 1.1). The
values selected for the a and b shape parameters that represent
the ductile behaviour are the smallest possible, since the PRP cohe-Table 2
Parameters used for the PRP cohesive model.
a = b = 2 (quasi-brittle) a = b = 1.1 (ductile)
kn kt kn kt
0.2084 0.1879 0.5771 0.5453
Table 3
Experimental and numerical strength of joints (kN).
Experiments Proposed laws Trapezoidal laws
Value % diff. Value % diff
SLJ 13.4 13.0 2.1 12.9 2.5
DSJ 42.5 42.6 0.2 43.5 1.6sive laws cannot mathematically be deﬁned for lower values.
According to Fig. 10, apart from the relatively small numerical dif-
ferences between the experimental registered curves from each
specimen set, all three respective experimental curves share a
common behaviour, which can be divided into three regions. The
ﬁrst region is described by a linear behaviour, followed by increas-
ing non-linearities up to the load carrying capacity level of each
joint, which bounds the second region of the curves. The third re-
gion is described by a softening behaviour, which denotes the
inability of each joint to carry further load. In this region failure
mechanisms are developing in the adhesive/substrate system, i.e.
plasticity of the ductile adhesive, void nucleation in the adhesive,
debonding at the adhesive/adherent interface, micro-cracking, etc.
As far as the FEA results obtained with the proposed EPZ laws
are concerned, the initial linear and the following non-linear region
depend thoroughly on the adhesive material elastoplastic re-
sponse, described by the exponential behaviour of the EPZ laws,
which yields very promising results (see Fig. 10). On the other
hand, the corresponding FEA results obtained with the trapezoidal
laws capture the initial linear region but fail to capture the exper-
imental non-linear region, in each case. As regards the PRP model
FEA results, a very good agreement with the experimental results
is observed. This agreement is better when utilizing shape param-
eters that represent brittle behaviour (a = b = 2) rather than when
utilizing shape parameters that represent ductile behaviour
(a = b = 1.1), particularly for the DSJ model (Fig. 10b). A very good
agreement is also observed in the response predicted from the pro-
posed and PRP model up to the maximum experimental load, in
both test cases considered. The behaviour of the response obtained
from the PRP model after the maximum load is un-realistic, since,
according to the experimental results, damage progression is char-
acterized as rapid and not gradual as depicted in Fig. 10. This
behaviour is accurately predicted by the proposed EPZ model.
The PRP model overestimates the maximum applied displacement
(elongation at break), a magnitude of great signiﬁcance when
designing ductile adhesive joints.
Nevertheless, both EPZ models (proposed and trapezoidal) and
the PRP model predict the experimental maximum attained load
with very good accuracy for both joint conﬁgurations, as listed in
Table 3. This conclusion validates the effectiveness of the proposed
mixed-mode EPZ model in predicting the maximum attained load
of a joint.
During the tests, only elastic stresses were developed at the me-
tal substrates of both joint types. The experimentally measured
and numerically predicted strains, at the two locations of the DSJ
specimens as depicted in Fig. 8(SG-1 on the strap and SG-2 on
the inner adherent), are presented in Fig. 11. Strain measurements
exhibit a good repeatability, except one case of SG-1 strains shown
in Fig. 11a. The behaviour of strains from both sensors is linear, as
expected, reaching maximum values just before the failure of the
joint. These maximum values are well below the yield point of
steel (2000le). This behaviour is justiﬁed by the fact that the
steel adherents are quite stiff and, therefore, the weak point of
the joint is the adhesive layer which fails ﬁrst. Thus the adherents
are not heavily loaded, resulting in low maximum strains. This
elastic behaviour was accurately predicted by the FEA with the
mixed-mode EPZ model.PRP model (a = b = 2) PRP model (a = b = 1.1)
. Value % diff. Value % diff.
12.86 4.0 12.79 4.6
43.46 1.6 43.36 1.6
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the traction–separation relationship in Mode I and Mode II found
to be very promising for the prediction of the failure process of
the SLJ and DSJ, as shown in both Figs. 10 and 11. The FEA results
obtained with the incorporation of the pure mode EPZ laws into0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28
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Fig. 12. Sensitivity analysis results of the error value e utilized in the FEA of (a) the
SLJ and (b) the DSJ.
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Fig. 13. Von Mises stress distribution developed in the linear elastic region of the SLJthe mixed-mode EPZ model are in very good agreement with the
corresponding experimental ones.
4.3. Sensitivity of the error parameter
As aforementioned, the physical parameters of the pure mode
proposed EPZ laws utilized for the FEA of the SLJ and DSJ conﬁgu-
rations are listed in Table 1. In these particular cases, magnitudes
d0,i (i = I, II) are unknown parameters, since an experimentally mea-
sured T–S law is not available for pure Mode I and II loading and
fracture of the bi-material system. Thus, Eq. (4), which relates d0,i
to the corresponding r0,i magnitude through the error e, has been
utilized. A parametric analysis of the SLJ and DSJ FEA results has
been carried out investigating the sensitivity of the error value e.
The corresponding results are presented in terms of the global re-
sponse of the joints in Fig. 12 together with the corresponding pure
mode EPZ laws utilized. The pure mode EPZ law parameters uti-
lized are the ones listed in Table 1, whereas three values of the er-
ror e have been taken into account in the parametric analysis, e.g.
1%, 0.1% and 0.01%. It must be noted that in all three cases the same
fracture toughness value Jci (i = I, II) has been utilized.
As concluded from the FEA results (see Fig. 12) the value of the
selected error e has a small effect on the maximum attained force,
whereas it has a higher effect on its corresponding displacement of
each joint conﬁguration. From the results obtained in the frame-
work of the sensitivity study and from the comparisons between
the experimental and FEA results, it can be concluded that an error
e value equal to 1% results in an accurate prediction of the joint
strength (in terms of the maximum load carrying capacity) and
in a conservative prediction of the corresponding displacement at
failure. When designing an adhesive joint with respect to its at-
tained load (e.g. strength), the proposed EPZ model yields very
promising results, since an error e value ranging from 0.01 to 1%
does not affect the linear and the non-linear load path (see
Fig. 12) up to the strength limit. This is signiﬁcant during the anal-
ysis and design of a ductile adhesive joint, because the yield initi-
ation (point where the non-linear region initiates in the P-u plots)
is usually taken as the load allowable limit.5. Stress distributions
5.1. Linear elastic stresses
In order to yield more conﬁdent conclusions regarding the capa-
bilities of the proposed mixed-mode EPZ model, some further in-
sight has been given in the developed stress ﬁeld within the
bondline area. The stresses in the adhesive bonded joints are being
transferred from one substrate to the other through the adhesiveconﬁguration, modeled with (a) continuum elements and (b) interface elements.
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Fig. 15. Variation of (a) peel ry and (b) shear sxy stresses along the bondline of the
SLJ.
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tained from the two modeling procedures provided in paragraph
4.1 are presented. In fact, the FEA results of the models of the SLJ
and DSJ conﬁgurations presented in Figs. 8 and 9 are given within
the linear elastic region of the adhesive material. Thus, for the
models with continuum elements of the adhesive layer (see
Fig. 8a and Fig. 9a) only the adhesives’ elastic properties were uti-
lized during the analyses.
Figs. 13 and 14 compare the von Mises stress variation in the
vicinity of the overlap area of the SLJ and DSJ models, respectively,
as calculated with the utilization of continuum and interface ele-
ments for the adhesive layer. The same stress contour range has
been used in each corresponding case, in order to provide qualita-
tive comparisons. The continuum elements model, by its nature,
provides the variation of stresses both through the thickness and
along the length of the adhesive layer, whereas the interface ele-
ments model provides stress variations only along the bondline.
Within the latter model, stresses are transferred between the sub-
strates by means of tractions that obey the proposed EPZ laws and
apply on the interface. A study of Figs. 13 and 14 reveals that the
stress distributions are almost identical between each other in
each case. This conclusion veriﬁes the accuracy of the proposed
FEA model in the linear elastic region.
Apart from the contour plots presented, which in fact provide a
qualitative representation of the developed stress ﬁeld, an effort to
compare the peel and shear stress magnitudes as they vary in the
bond area, is made. For this purpose, the peel and shear stress dis-
tribution along the bondline as a function of the non-dimensional
overlap length (x/L) is plotted for the case of the SLJ and DSJ in Figs.
15 and 16, respectively. These results are calculated at the load lev-
els of 1 kN and 2 kN for the SLJ and DSJ, respectively. Normal rI and
tangential rII tractions obtained from the interface elements model
are denoted as ry and sxy, respectively, in Figs. 15 and 16.
The stress distributions resulting from the FEA of the models
which utilize continuum elements for the adhesive layer are taken
from a path lying at the midline of the thickness of the adhesive
layer. The start point of the path (x = 0) is at the left hand side of
the adhesive layers’ edge, whereas the end point is at the adhesive
layers’ opposite edge (x = L) for both joints, as presented in Figs. 15
and 16. The magnitude L denotes the overlap length, where for the
SLJ this magnitude equals to 25 mm and for the DSJ equals to
50 mm. In the formulation presented in Section 2.1, it is assumed
that negative peel stresses do not induce damage and are treated
as contact stresses described by Eq. (2). Thus, compressive peel
stresses (contact stresses) calculated from the interface elements
are not presented in Fig. 15a and Fig. 16a, since they do not repre-
sent the true stress state of the adhesive material, in contrast with
the results calculated from the continuum elements used for the
adhesive.
The FEA results obtained with the implementation of the
mixed-mode EPZ model show good agreement with the respective(b) 
(a) 
Fig. 14. Von Mises stress distribution developed in the linear elastic region of the DSJresults obtained with continuum elements for the adhesive layer,
in term of both shape and magnitude along the overlap length, par-
ticularly near the adhesive edges where cracks initiate. The peel
and shear stress free boundary conditions at the edges of the adhe-
sive are captured when using continuum elements for the adhesive
material. On the contrary, interface elements fail to capture thisconﬁguration, modeled with (a) continuum elements and (b) interface elements.
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DSJ at the last converged increment of the nonlinear solution.
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the embedded process zone, depend on the corresponding separa-
tions, which are based on the deformation of two adjacent contin-
uum elements. Thus, in the linear elastic region, only zero
separations would yield zero tractions. In the case of the SLJ, both
peel and shear stresses (see Fig. 16) are symmetric about the mid-
dle of the overlap length (at x = 12.5 mm) and attain their maxi-
mum values at the free edges of the adhesive layer, that is at
x = 0 and 25 mm. The maximum percentage difference of the shear
stresses calculated with the two different modeling procedures
does not exceed 7.5%.
On the other hand, shear stresses peak at the middle of the DSJ
model (right edge) at x = L. The distribution of the shear stresses
along the overlap length is in excellent agreement between both
FEA models of the DSJ (Fig. 16b). Nevertheless, the peak peel stres-
ses obtained from interface elements are accurately predicted at
the adhesive edges for the SLJ (Fig. 14a) and at the left edge of
the DSJ (Fig. 16a). The differences in these graphs regarding the
points where stresses change sign are attributed to the effect of
compressive stresses to the through the thickness stress variation,
which is not included in the interface element formulation.5.2. Stress distributions at failure
Damage initiation occurs from the maximum load and forward,
followed by damage propagation induced by the failure mecha-
nisms developing within the embedded process zone. This state-
ment is justiﬁed from Fig. 17, which presents the distribution of
the peel and shear stresses along the bondline for the SLJ and DSJ
models. These distributions refer to the last converged increment
of the non-linear solution process, where the applied displacement
u is equal to 0.24 mm and 0.11 mm, for the SLJ and DSJ model,
respectively (see Fig. 10). According to Fig. 17, the shear stresses
have reached a plateau in most of the bondline, which denotes that
the adhesive material has become fully plastic, mostly due to shear
loading. The plateau is attained at the stress level of 18.5 MPa for
both joints, value which is equal to the shear strength of the adhe-
sive material considered in this paper (see Table 1). On the other
hand, peel stresses have been developed in a larger area in the
bondline compared to the elastic region response, by changing
their sign from negative to positive (contact compressive stresses
become peel stresses as loading increases).
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bondline is predicted in the outmost edges of the joint, that is at
x = 0 and x = L. In fact, this is expected since the geometry and
material properties of the adherents of the adopted SLJ are identi-
cal. From the numerical point of view, both linear elastic peel and
shear stresses peak at x = 0 and x = L (see Fig. 15) and thus, the qua-
dratic stress criterion (see Eq. (12)) utilized in the mixed-mode EPZ
model for the prediction of damage initiation, is initially satisﬁed
at these two locations. In the following and according to Fig. 17a,
damage propagates in a symmetric manner from the outermost
edges to the material points lying at the center of the joints.
On the other hand, damage initiation in the DSJ case is predicted
again at the edge (x = 0) and middle of the joint (x = L), simulta-
neously. The combination of peel and shear stresses at the edge
of the joint satisﬁes the damage initiation criterion. The material
at the middle of the joint is loaded only by shear stresses, since
normal stresses in the vicinity of that point are negative, which de-
note contact conditions. As aforementioned, contact stresses do
not contribute to the loading and damage of the adhesive bondline
described by the embedded process zone. Thus, damage initiation
at middle of the joint results from the development of pure shear
stresses, which denote pure Mode II loading and fracture.6. Conclusions and discussion
A new traction–separation law that represents the constitutive
relation of a ductile adhesive layer in Mode I and Mode II is devel-
oped and presented. The proposed law is used to describe the
embedded process zone (EPZ) of a ductile adhesive material con-
strained between two adherents and is formulated so as to address
the mixed-mode loading and fracture of adhesively bonded joints.
Experimental tests were performed on single-lap and double-
strap joints and the corresponding measurements were compared
with numerical results obtained from the developed mixed-mode
EPZ model, for validation purposes. The traction–separation laws
were incorporated in the developed mixed-mode model and were
implemented into interface elements that were used to model the
adhesive layer bondline. The numerical results are in very good
accordance with the respective experimental ones, both for the
load–displacement and for the load–strains curves. The proposed
model predicted accurately the elastoplastic response and strength
of both types of joints considered, by utilizing in each analysis the
same pure mode laws.
Additionally, the existing in the literature trapezoidal law,
which is adequate for modeling ductile adhesives, has been used
for the FEA of the tested joints and comparisons are given. Com-
parisons are also provided with the corresponding FE results ob-
tained from the PRP (Park–Paulino–Roesler) model. The shape of
the PRP cohesive laws is controlled by two shape parameters (a
and b) that can be adjusted so as to represent brittle, quasi-brittle
and ductile material softening behaviours. For the sake of the cur-
rent work, two cases regarding the selection of these parameters
have been considered; brittle (a = b = 2) and ductile (a = b = 1.1)
behaviour.
The trapezoidal law captures accurately the linear elastic region
and strength but does not capture accurately the nonlinear elasto-
plastic region of the tested joints. For the adhesive joint cases con-
sidered where thick steel substrates and a ductile adhesive
material are involved, the trapezoidal law predicts higher loads
for a given value of applied displacement when compared to the
corresponding results obtained from the proposed law and the
experimental measurements. This difference becomes higher for
values of load approaching the strength of the joints. This outcome
is important when designing a structural part that includes an
adhesive joint. In such a case, the proposed law predicts the globalresponse and the stress distributions, on this part with higher
accuracy than the trapezoidal law.
On the other hand, both the proposed and the PRP model (espe-
cially the brittle case with a = b = 2) predict with great accuracy the
elastic and plastic softening behaviour of both test cases up to the
experimental maximum load. Unexpectedly, the brittle PRP cohe-
sive laws yield more promising results compared to the ductile
PRP cohesive laws. However both PRP laws predict a gradual dam-
age behaviour after the maximum load in both joints, which is
inconsistent with the rapid one experimentally registered. The pro-
posed EPZ and the trapezoidal model capture this rapid progressive
damage response.
For the deﬁnition of each law in pure Mode i (i = I, II) four
parameters are necessary, that is, the initial stiffness (ki), the criti-
cal stress (rc,i), its corresponding separation (d0,i) and the critical
separation (dc,i) or the fracture toughness (Jic). The critical stress
and the fracture toughness have to be experimentally measured,
whereas the initial stiffness can be evaluated easily from the elastic
properties of the adhesive material provided by the manufacturer.
An analytic formula has been derived for the calculation of the
physical parameter d0,i through a speciﬁc numerical parameter (er-
ror e). A sensitivity study towards the effect of this parameter to
the FEA results has shown that, in the case of a ductile adhesive
like the one studied here, accurate predictions of the strength
and conservative predictions of the corresponding displacement
at failure are obtained, when considering a value of the error e
equal to 1% or less. Considering the above, it can be concluded that
the proposed EPZ laws can be referred as two-parameter laws
when designing towards the strength of an adhesive joint with a
ductile adhesive material. However, when designing towards the
maximum attained displacement, the proposed laws are three-
parameter laws.
The constitutive model presented here provides an alternative
capability for the simulation and design of structures with bonded
components which involve a ductile adhesive material. Compari-
sons with the PRP model, which couples the separate fracture
modes explicitly through the PRP potential validates the effective-
ness of the proposed mixed mode formulation which is based on
damage and fracture criteria together with the equivalent separa-
tion and the mode mixity parameter for coupling the separate frac-
ture modes. The validity of the proposed law can be further
investigated for different adhesive joints with more complex
geometries and for different materials of the involved substrates,
e.g. composite materials, aluminum etc.References
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